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QUATERNION DISTINGUISHED GENERIC REPRESENTATIONS
OF GL2n
MIYU SUZUKI
Abstract. Let E/F be a quadratic extension of non-Archimedean local fields
of characteristic 0. Let D be the unique quaternion division algebra over F and
fix an embedding of E to D. Then, GLm(D) can be regarded as a subgroup
of GL2m(E). Using the method of Matringe, we classify irreducible generic
GLm(D)-distinguished representations of GL2m(E) in terms of Zelevinsky
classification. Rewriting the classification in terms of corresponding repre-
sentations of the Weil-Deligne group of E, we prove a sufficient condition for
a generic representation in the image of the unstable base change lift from the
unitary group U2m to be GLm(D)-distinguished.
Introduction
Let F be a non-Archimedean local field of characteristic 0. Let G, H be algebraic
groups over F and suppose H is a closed subgroup of G. A smooth representation
pi of G(F ) is said to be H(F )-distinguished if it has a nonzeroH(F )-invariant linear
form. This paper concentrate on the case of (G,H) = (ResE/F GL2m,GLm(D)),
where E is a quadratic extension of F , ResE/F denotes the restriction of scalars
and D is the unique quaternion division algebra over F . Given an embedding of
E to D, H can be regarded as a subgroup of G. We classify irreducible smooth
generic H(F )-distinguished representations of G(F ) and relate it to a functorial lift
from the quasi-split unitary group U2m.
In order to explain the background, we consider the global setting. Let E/F be
a quadratic extension of number fields and AE , AF the rings of adeles of E and
F , respectively. Let pi be an irreducible cuspidal automorphic representation of
GL2m(AE). Then, pi is said to be GL2m-distinguished if there is a cusp form f in
the space of pi which has a nonzero period integral over GL2m:∫
Z(AF )GL2m(F )\GL2m(AF )
f(h) dh 6= 0.
Here, Z denotes the center of GL2m. Flicker and Rallis (see [F]) conjectured that
pi is GL2m-distinguished if and only if it is an unstable base change lift of a generic
cuspidal automorphic representation of the quasi-split unitary group U2m(AF ).
Let D be a quaternion algebra over F which E embedds. Then, distinguished
cuspidal representations of GL2m(AE) with respect to GLm(D) is defined similarly
as above. In [S], the author defined a non-degenerate character θ′τ associated to D
for the quasi-split unitary group and conjectured that pi is GLm(D)-distinguished if
and only if it is an unstable base change lift of a θ′1-generic and θ
′
τ -generic cuspidal
representation of U2m(AF ). This conjecture slightly generalizes that of Flicker and
Rallis.
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Now, we go back to the local setting. Recall that G = ResE/F GL2m. Let WDF
be the Weil-Deligne group of F and LG, LU2m be the L-groups of G and U2m. For
an irreducible smooth representation pi of G(F ) = GL2m(E), there corresponds an
L-parameter φ˜ : WDF → LG by local Langlands correspondence for G which was
established by Harris, Taylor [HT] and Henniart [H]. See section 1 for more details.
According to the local Langlands correspondence in a form proposed by Vogan,
for an L-parameter φ′ : WDF → LU2m of U2m, we should obtain a finite set Πφ′ of
irreducible smooth representations of pure inner forms of U2m called the Vogan L-
packet of φ′. In section 2, we will review the definition of the unstable base change
map bcχ from
LU2m to
LG. For an L-parameter φ′ of U2m, the composition bcχ ◦φ′
is an L-parameter of G. Hence, if we assume the local Langlands correspondence
for U2m, we get a map from the set of irreducible smooth representations of (pure
inner forms of) U2m(F ) to that of G(F ), sending the representations in Πφ′ to the
representation corresponding to bcχ ◦ φ′. We call this conjectural map the unstable
base change lift.
Many researchers studied the following local analogue of the conjecture of Flicker
and Rallis:
Statement. Let pi be an irreducible representation of G(F ) =
GL2m(E). Let φ˜ be the corresponding L-parameter. Then, pi is
GL2m(F )-distinguished if and only if there exists an L-parameter
φ′ : WDF → LU2m of U2m(F ) so that φ˜ = bcχ ◦ φ′.
The reader may see, for example [AR]. Though this naive analogue is not valid
in general, it is still expected to be true for a wide class of representations. For
example, this statement is true for generic representations (see [GGM, Theorem
4.9] and [M10]).
In this paper, we consider the local analogue of [S, Conjecture 2] and characterize
GLm(D)-distinguished generic representations of GL2m(E) in terms of an unstable
base change lift of a generic representation of U2m(F ). The main result is as follows:
Theorem 0.1. Let pi be an irreducible generic representation of GL2m(E). Let φ˜ be
the corresponding L-parameter. If there exists an L-parameter φ′ of U2m(F ) which
is generic with respect to any non-degenerate characters and satisfies φ˜ = bcχ ◦ φ′,
then pi is GLm(D)-distinguished.
Unlike the global conjecture, the converse implication does not hold for local
representations. In order to get more precise description of H(F )-distinguished
representations, we need to generalize the conjecture of Prasad. For a connected
reductive quasi-split group G over F , Prasad [P] introduced a quasi-split group
Hop over F which is isomorphic to H over E. He formulated a conjectural for-
mula [P, Conjecture 2] for the dimension of the space of H(F )-invariant linear
forms on irreducible smooth representations of H(E) in terms of the degree of the
base change map from Hop(F ) to H(E). In particular, he conjectured that an
H(F )-distinguished representation of H(E) arises from base change from Hop. For
this conjecture, several low dimensional examples are known; see [L18] and [L19].
A recent remarkable work of Beuzart-Plessis [BP] established an integral formula
computing the dimension of the H(F )-invariant linear forms for square-integrable
representations. As a corollary, he proved that this dimension is preserved under
the Jacquet-Langlands correspondence. This result verifies a consequence of the
conjecture of Prasad and plays an important role in the proof of our main theorem.
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In our setting, H = GLm(D) is a non quasi-split inner form of H
′ = GL2m
and they are isomorphic over E. It is natural to ask whether the dimension of the
space of H(F )-invariant linear forms on representations of H(E) can be described
in terms of the base change from H ′op. We hope that the result of this paper will be
reinterpreted in relative Langlands frameworks in the sense of Prasad, generalized
to non quasi-split groups.
We briefly explain the contents of this paper. In section 1, we fix necessary nota-
tions and recall some facts about representations of Weil-Deligne groups. In section
2, we review the conjectural local Langlands correspondence and known results. In
section 3, we quote some results of Matringe about double coset decomposition of
G. In section 4, we summarize the Zelevinsky classification of representations of
G(F ). In section 5, using the method of Matringe [M10], we classifyH-distinguished
generic representations of G(F ) in terms of Zelevinsky classification. Rewriting that
classification in terms of representations of WDE , we obtain the main theorem in
the last section.
1. Preliminaries
Let E/F be a quadratic extension of non-Archimedean local fields of character-
istic 0. Fix a nontrivial additive character ψ of F . Define the character ψE of E
by
ψE(x) = ψ
(
1
2
TrE/F (x)
)
, x ∈ E.
Denote the action of the nontrivial element of the Galois group Gal(E/F ) by x 7→
xc. We consider various objects on which Gal(E/F ) acts. By abuse of notation, we
write all of these actions by the same symbol ·c. Denote by NE/F (resp. TrE/F ) the
norm map (resp. trace map) from E to F . Let ω = ωE/F be the unique nontrivial
character of F×/NE/F (E
×) ∼= Gal(E/F ). Sometimes we regard it as a quadratic
character of F×.
Let WF be the Weil group of F . Recall that this is a subgroup of the absolute
Galois group of F whose Abelianization is isomorphic to F×. Hence, ω can be
regarded as a character of WF . Define the Weil-Deligne group WDF of F by
WDF =WF ×SL2(C). Similarly, we denote by WE and WDE the Weil group and
Weil-Deligne group of E. Note that WE is a subgroup of WF of index 2 and the
quotient WF /WE is naturally identified with Gal(E/F ). We fix an element s of
WF outside WE once for all. The image of s in WF /WE is the nontrivial element
of Gal(E/F ).
1.1. Representations of WDE. Let M be a finite dimensional complex vector
space. A homomorphism φ : WDE → GL(M) is called a representation of WDE if
• the image of a geometric Frobenius element of WE is semisimple;
• the restriction of φ to WE is smooth;
• the restriction of φ to SL2(C) is algebraic.
For an L-parameter φ : WDE → GLn(C)×WE , we write by φ : WDE → GL(M)
the associated representation of WDE . Here, M is a complex vector space of di-
mension n. We recall some facts about conjugate self-dual representations of WDE
from [GGP, Section 4]. We say that the representation M of WDE is conjugate
self-dual if there exists a non-degenerate bilinear form B : M × M → C which
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satisfies {
B(τm, sτs−1n) = B(m,n)
B(n,m) = b ·B(m, s2n) τ ∈ WDE , m, n ∈M
with some b ∈ {±1}. We call b the sign of B. If b = +1, M is called conjugate-
orthogonal and if b = −1, M is called conjugate-symplectic. For a conjugate self-
dual representation (φ,M) of WDE, we have a decomposition
(1) M =
⊕
i∈I+
Vi ⊗Mi +
⊕
i∈I−
Vi ⊗Mi +
⊕
i∈I0
Vi ⊗ (Mi + (M ci )∨).
Here, each Mi is an irreducible representation of WDE and Vi is a space of multi-
plicity satisfying
• for i ∈ I+, Mi is conjugate self-dual of sign b;
• for i ∈ I−, Mi is conjugate self-dual of sign−b;
• for i ∈ I0, Mi is not conjugate self-dual.
The restriction of the form B to each summand of the above decomposition induces
a non-degenerate bilinear form on each Vi. These pairings have sign +1 for i ∈ I+
and −1 for i ∈ I−. Let C = C(M,B) be the subgroup of Aut(M,B) ⊂ GL(M)
which centralizes the image of WDE . Due to the above decomposition, we have
C ∼=
∏
i∈I+
O(Vi)×
∏
i∈I−
Sp(Vi)×
∏
i∈I0
GL(Vi).
Thus, the component group of C is
A = AM ∼= (Z/2Z)k,
where k is the order of I+.
For a semisimple element a in C, set
Ma = {m ∈M ; am = −m}.
Note that the parity of the dimension of Ma only depends on the image of a in A.
We define the quadratic character η of A by
η(a) = (−1)dim Ma , a ∈ A.
In particular, η is the trivial character if and only if dim Mi is even for all i ∈ I+.
1.2. Groups and representations. Throughout this paper, for an algebraic group
G over F , we write the group of F -rational points by G. Denote by ZG or simply
by Z the center of G.
A representation of G always means an admissible representation of G. For
a representation (pi, V ) of G, denote its contragredient i.e. the smooth dual by
(pi∨, V ∨). For a closed subgroup H of G and its left Haar measure dh, there exists
a continuous character δH : H → R>0 which satisfies
d(hh′) = δH(h
′)−1dh
for all h′ ∈ H . We call this the modulus character of H . For a representation
(σ,W ) of H , denote by IGHW the space of locally constant functions f : G → W
satisfying
f(hg) = δ
1/2
H (h)σ(h)f(g)
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for all h ∈ H and g ∈ G. The representation of G on this space given by right
translation is called the normalized induced representation from (σ,W ) and denoted
by (IGHσ, I
G
HW ).
Similarly, let indGHW be the space of locally constant functions f : G → W
satisfying
f(hg) = σ(h)f(g)
for all h ∈ H and g ∈ G and its support is compact modulo H . The representation
of G on this space given by right translation is called (unnormalized) compactly
induced representation from (σ,W ) and denoted by (indGH σ, ind
G
HW ).
Write the trivial representation of H by 1H or simply by 1. For a charac-
ter χ of H , we say that a representation pi of G is (H,χ)-distinguished if the
space HomH(pi, χ) has a nontrivial element. If χ is the trivial character, (H,χ)-
distinguished representations are simply called H-distinguished.
Suppose that G is a quasi-split reductive group. Take a Borel subgroup B of G
defined over F . Let T be a maximal F -subtorus of G contained in B and N the
unipotent radical of B so that we have B = T ⋉N . For a character θ of N and an
element t of T , we define a character t · θ of N by
t · θ(n) = θ(t−1nt), n ∈ N.
This defines an action of T on the set of characters of N . A character θ of N
is called non-degenerate or generic if its stabilizer in T is ZG. The set of non-
degenerate characters of N is stable under the action of T . Suppose that θ is a
non-degenerate character of N . A representation pi of G is called θ-generic if it is
(N, θ)-distinguished. This only depends on the T -orbit of θ.
2. Local Langlands correspondence
2.1. General linear groups and Asai representations. SetG = Gn = GLn(E).
This can be viewed as a group of F -rational points of ResE/F GLn. Here, ResE/F
stands for the restriction of scalars. The finite symmetric group Sn is identified
with the subgroup of G consisting of permutation matrices.
For a partition λ = (n1, . . . , nr) of n, let Pλ be the parabolic subgroup of G
consisting of matrices of the form
g1 ∗ ∗
. . . ∗
gr
 ∈ G, gi ∈ Gni .
A subgroup of this form is called a standard parabolic subgroup. LetMλ be the Levi
subgroup of Pλ consisting of matrices of the form diag(g1, . . . , gr) with gi ∈ Gni . A
subgroup of this form is called a standard Levi subgroup. We write the unipotent
radical of Pλ by Nλ. A parabolic subgroup ofMλ is called standard if it is a product
of standard parabolic subgroups of each component Gni .
The standard parabolic subgroup corresponding to the partition (1, . . . , 1) is a
Borel subgroup of G and denoted by B. The standard Levi subgroup of B is a
maximal torus of G and denoted by T . Denote by N the unipotent radical of B.
Let λ = (n1, . . . , nr) be a partition of n and (σi, Vi) a representation of Gni for
each i. Set (σ, V ) = (σ1 ⊠ · · ·⊠ σr, V1 ⊗ · · · ⊗ Vr). This is a representation of Mλ.
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We extend σ to a representation of Pλ so that Nλ acts trivially on V . We write the
normalized induced representation IGPλσ by σ1 × · · · × σr.
Let P ′ = M ′N ′ be a standard parabolic subgroup of Mλ. We denote by V (P
′)
the subspace of V spanned by elements of the form σ(n′)v − v with v ∈ V and
n′ ∈ N ′. Set VP ′ = V/V (P ′) and we call this the Jacquet module of V with
respect to P ′. We write the natural projection V → VP ′ by jP ′ and define the
representation σP ′ of M
′ on VP ′ by
σP ′ (m)jP ′(v) = δ
−1/2
P ′ (m
′)jP ′ (σ(m
′)v), v ∈ V, m′ ∈M ′.
Let θ be the non-degenerate character of N given by
θ(u) = ψE
(
n−1∑
i=1
ui,i+1
)
, u = (ui,i+1) ∈ N.
There is only one T -orbit of non-degenerate character of N . Thus, we simply say
a representation of G is generic if it is θ-generic.
If we regard G as a group over E, its L-group is given by LG/E = GLn(C)×WE .
On the other hand, if we regard it as a group over F , its L-group is given by
LG/F = (GLn(C)×GLn(C))⋊WF . Here, the action of WF on GLn(C)×GLn(C)
factors through WF /WE ∼= Gal(E/F ) and the action of s is the permutation of the
first and second components. For an L-parameter φ : WDE → LG/E , we define
the corresponding L-parameter φ˜ : WDF → LG/F by
φ˜(x) = (φ1(x), φ1(sxs
−1))⋊ φ2(x), x ∈WDE
φ˜((s, 1)) = (1, φ1(s
2))⋊ s.
Here, each φi is the composition of φ with the i-th projection of
LG/E . The
equivalence class of φ˜ does not depend on the choice of s and this construction
provides a bijection between two sets of equivalence classes of L-parameters. If we
simply say an L-parameter of G, it means an L-parameter which takes its values
in LG/E .
By Harris, Taylor [HT] and Henniart [H], the local Langlands conjecture for G
was established. Thus there is a bijection between the set of equivalence classes of
L-parameters of G and the set of irreducible representations of G(F ).
We define a complex representation As+ of LG/F on C
n ⊗ Cn as follows: for
a⊗ b ∈ Cn ⊗ Cn,
As+((g, h)⋊ x)(a ⊗ b) = (ga)⊗ (hb), (g, h) ∈ GLn(C)×GLn(C), x ∈ WE
As+((1, 1)⋊ s)(a⊗ b) = b⊗ a.
Similarly, we define a representation As− of LG/F on the same space as follows: for
a⊗ b ∈ Cn ⊗ Cn,
As−((g, h)⋊ x)(a⊗ b) = (ga)⊗ (hb), (g, h) ∈ GLn(C)×GLn(C), x ∈WE
As−((1, 1)⋊ s)(a⊗ b) = −b⊗ a.
In hornor of T. Asai, we call these representations Asai representations.
According to [GGP, Proposition 7.4], if we identify Cn ⊗ Cn with the space
Mn(C) of n by n matrices, the stabilizer in As
(−1)n−1 of a vector corresponding to
an invertible matrix is isomorphic to the L-group of the unitary group Un. We say
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that an L-parameter φ˜ : WDF → LG/F fixes a non-degenerate element of As± if
the fixed point subspace of the image of As± ◦ φ˜ contains an invertible matrix.
2.2. Even unitary groups and unstable base change lift. From now on, we
assume that n = 2m is even. Let G′ = G′m be the quasi-split even unitary group
of rank m defined by
G′ = {g ∈ G ; tgcJg = J}.
Here,
J = Jn =
(
w
−w
)
, w = wm =
 1...
1
 ∈ GLm.
Let B′ denote the Borel subgroup of G′ consisting of upper triangular matrices.
Denote by T ′ the maximal torus in B′ consisting of diagonal matrices and by N ′
the unipotent radical of B′.
There are two T ′-orbits of non-degenerate characters of N ′. We take represen-
tatives θ′κ of these orbits given by
θ′κ(u) = ψE
(
m−1∑
i=1
ui,i+1 + κum,m+1
)
, u = (ui,j) ∈ N ′.
Here, κ runs over a set of representatives of F×/NE/F (E
×) (cf. [GGP, Proposition
12.1]). We denote simply by θ′ the character corresponding to the element of
F×/NE/F (E
×).
The L-group of G′ is given by LG′ = GLn(C) ⋊WF . Here, the action of WF
factors through WF /WE ∼= Gal(E/F ) and the action of s is given by
sgs−1 = J tg−1J−1, g ∈ GLn(C).
Take a character χ of E× whose restriction to F× coincides with ω and regard it
as a character of WE as before. Note that we have
χ(sxs−1) = χ(x)−1
for x ∈ WE and
χ(s2) = −1.
We define the embedding of L-groups
bcχ :
LG′ → LG/F
as follows:
bcχ(g ⋊ 1) = (g, J
tg−1J−1)⋊ 1, g ∈ GLn(C);
bcχ(1n ⋊ x) = (χ(x) · 1n, χ(x)−1 · 1n)⋊ x, x ∈ WE ;
bcχ(1n ⋊ s) = (−1n,1n)⋊ s.
For an irreducible representation pi ofG(F ), let φ˜ be the corresponding L-parameter.
We say that pi arises from unstable base change lift of an L-parameter of G′ if there
exists an L-parameter φ′ of G′ which satisfies φ˜ = bcχ ◦ φ′.
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One can define another embedding bc1 by
bc1(g ⋊ 1) = (g, J
tg−1J−1)⋊ 1, g ∈ GLn(C);
bc1(1n ⋊ x) = (1n, 1n)⋊ x, x ∈WE ;
bc1(1n ⋊ s) = (1n,1n)⋊ s.
The next result is well-known.
Lemma 2.1. For an L-parameter φ of G, the following conditions are equivalent:
(1) φ˜ fixes a non-degenerate element of As+;
(2) there is an L-parameter φ′ of G′ which satisfies φ˜ = bcχ ◦ φ′;
(3) φ is conjugate-orthogonal.
Moreover, if φ satisfies these conditions, we have L(s,Ad ◦φ′) = L(s,As+ ◦ φ˜) with
φ′ as in (2).
Remark 2.1. Here, L(s,Ad ◦φ′) and L(s,As+ ◦ φ˜) are L-functions associated with
representations of Weil-Deligne groups. For their definition, see [GR, Section 2].
Proof. Equivalence of (1) and (2) is [GGP, Corollary 8.2]. Equivalence of (1) and
(3) is [GGP, Proposition 7.5]. See also [Mok, Lemma 2.2.1]. The last assertion is
[GGP, Proposition 7.4].
Note that we use the embedding bcχ to associate a representation of WDE with
an L-parameter of G′ instead of bc1. This is why the conditions above are different
from those in [GGP]. 
2.3. L-packet. In this subsection, we describe the desiderata for the local Lang-
lands correspondence for G′. For known results and precise conjectures, see [Mok]
and [GGP].
For an L-parameter φ′ of G′, set φ˜ = bcχ ◦ φ′. Let φ be the L-parameter of
G corresponding to φ˜ and φ : WDE → GL(M) be the representation of WDE
attached to φ.
For each L-parameter φ′, it is conjectured that there exists a finite set Πφ′ of
equivalence classes of irreducible representations of pure inner forms of G′ which
satisfies following conditions:
(1) The order of Πφ′ is equal to the number of irreducible representations of
the finite group AM , hence the order of AM . Moreover, a generic character
θ′ of N ′ determines a bijection
J(θ′) : Πφ′ → Irr(AM ).
Here, Irr(AM ) is the set of irreducible representations of AM .
(2) The number of θ′-generic representations contained in Πφ′ is at most 1. The
finite set Πφ′ contains a θ
′-generic representation if and only if L(s,Ad ◦φ′)
is holomorphic at s = 1. This part is called the conjecture of Gross-Prasad
and Rallis. If this is the case, we say that φ′ or Πφ′ is generic. If Πφ′ is
generic, the θ′-generic representation in Πφ′ corresponds to the trivial rep-
resentation of AM via the map J(θ
′). In addition, the θ′τ -generic represen-
tation in Πφ′ corresponds to the quadratic character η defined in section 1.1.
Here, τ denotes a representative of the nontrivial element of F×/NE/F (E
×).
We say that φ′ is generic with respect to any non-degenerate characters if
φ′ is generic and η is trivial.
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(3) An element of Πφ′ corresponding to a character µ of AM via the map J(θ
′)
is a representation of G′ if and only if µ(−1) = +1.
The finite set Πφ′ is called the L-packet corresponding to φ
′.
3. Quaternion algebra and symmetric subgroup
3.1. Definitions. Denote the unique quaternion division algebra over F by D and
we fix an embedding of E to D. Fix a representative τ of the nontrivial element of
F×/NE/F (E
×). Then there is an element
√
τ in D× which satisfies
• as a vector space over E, D = E ⊕ E√τ ;
• we have
(x1 + x2
√
τ )(y1 + y2
√
τ ) = (x1y1 + x2y
c
2τ) + (x1y2 + x2y
c
1)
√
τ
for any x1, x2, y1, y2 ∈ E.
Define inductively an element εm of Gm by
ε1 =
(
τ
1
)
, εm =
(
ε1
εm−1
)
.
Let σ be the involution of G given by
σ(g) = εmg
cε−1m , g ∈ G.
The subgroup H = Hm of fixed points of σ is isomoprhic to GLm(D). For m = 1
case, H1 consists of matrices of the form(
a bτ
bc ac
)
with a, b ∈ E satisfying a2 − τb2 6= 0. Thus, an explicit isomorphism H1 ∼= D× is
given by
(2)
(
a bτ
bc ac
)
∈ H1 7→ a+ b
√
τ ∈ D×.
In general, write an element h of Hm in the form of a 2 by 2 block matrix
(hi,j)1≤i,j≤m. Each entry hi,j is of the form (2) and it corresponds to an element of
D similarly as above. This observation provides an isomorphism Hm ∼= GLm(D).
Let λ = (n1, . . . , nr) be a partition of n. Suppose each ni is even and write
ni = 2mi. Then, Pλ ∩H is a parabolic subgroup of H which is, under the above
isomorphism, sent to the parabolic subgroup of GLm(D) consisting of matrices of
the form  g1 ∗ ∗. . . ∗
gr
 ∈ GLm(D), gi ∈ GLmi(D).
We call these parabolic subgroups standard. Let KH be a maximal compact sub-
group of H which satisfies H = (Pλ ∩H)KH for any standard parabolic subgroups
Pλ ∩H .
Let x = xm be the element of Sn defined by
x(i) =
{
n− 2i+ 1 (1 ≤ i ≤ m)
2i− n (m+ 1 ≤ i ≤ n).
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Set H ′ = H ′m = x
−1Hx. This is the subgroup of fixed points of the involution
σ′ : g 7→ ε′gcε′−1, where
ε′ = ε′m = x
−1εx =
(
τwm
wm
)
.
Hence, H ′ consists of matrices of the form(
A τB
wmB
cwm wmA
cwm
)
∈ G, A,B ∈Mm(E).
The map
(
A τB
wmB
cwm wmA
cwm
)
7→ A + √τB ∈ GLm(D) defines an isomor-
phism from H ′ to GLm(D).
3.2. Double coset decomposition. Let λ = (n1, . . . , nr) be a partition of n. In
this section, we recall some results on the double coset decomposition H ′\G/Pλ
from [M17].
Let S(λ) be the set of r by r matrices S = (si,j) which satisfies following condi-
tions:
• all entries are non-negative integers;
• for any 1 ≤ i, j ≤ r, si,j = sj,i, i.e. S = tS;
• for any 1 ≤ i ≤ r, si,i ∈ 2Z≥0;
• for any 1 ≤ i ≤ r, ∑rj=1 si,j = ni.
Take an element S of S(λ). For each 1 ≤ i ≤ r, set ti = si,i/2 and di =∑r
j=i si,j − ti. Then, we obtain a partition (d1, . . . , dr) of m and a partition
(ti, si,i+1, si,i+2, . . . , si,r) of di for each 1 ≤ i ≤ r. Define an element wS as fol-
lows: for any 1 ≤ l ≤ r,
(w1) if there are integers i and k satisfying 1 ≤ i ≤ r and 1 ≤ k ≤ ti so that l
can be expressed as
l = d1 + · · ·+ di−1 + k,
we set
wS(l) = (n1 + · · ·+ ni−1) + si,1 + · · ·+ si,i−1 + k;
(w2) if there are integers i and k satisfying 1 ≤ i < j ≤ r and 1 ≤ k ≤ si,j so
that l can be expressed as
l = (d1 + · · ·+ di−1) + (ti + si,i+1 + · · ·+ si,j−1) + k,
we set
wS(l) = (n1 + · · ·+ ni−1) + (si,1 + · · ·+ si,j−1) + k;
(w3) if there are integers i and k satisfying 1 ≤ i ≤ r and 1 ≤ k ≤ ti so that l
can be expressed as
l = m+ (dr + · · ·+ di+1) + (sr,i + sr−1,i + · · ·+ si+1,i) + k,
we set
wS(l) = (n1 + · · ·+ ni−1) + si,1 + · · ·+ si,i−1 + ti + k;
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(w4) if there are integers i and k satisfying 1 ≤ j < i ≤ r and 1 ≤ k ≤ si,j so
that l can be expressed as
l = m+ (dr + · · ·+ dj+1) + (sr,j + sr−1,j + · · ·+ si+1,j) + k,
we set
wS(l) = (n1 + · · ·+ ni−1) + (si,1 + · · ·+ si,j−1) + k.
Proposition 3.1 ([M17], Proposition 3.1). For a partition λ of n, we have
G =
∐
S∈S(λ)
PwSH
′.
An element S = (si,j) of S(λ) can be identified with a subpartition
(s1,1, s1,2, . . . , sr,r−1, sr,r)
of λ. Here, 0-entries are ignored. Set ε′S = wSε
′w−1S . We define an involution σ
′
S of
G by σ′S : g 7→ ε′Sgcε′S−1. Note that PS and MS is stable under σ′S . An element m
of MS is of the form m = diag(m1,1,m1,2, . . . ,mr,r−1,mr,r) with mi,j ∈ Gsi,j . Of
course components where si,j = 0 are eliminated. Then, m is contained in M
σ′S
S if
and only if the following conditions are satisfied:
• for any 1 ≤ i ≤ r, mi,i = ε′timci,iε′ti−1 i.e. mi,i ∈ H ′ti ;
• for any 1 ≤ i 6= j ≤ r, mi,j = wsi,jmcj,iw−1si,j .
Hence, we get
M
σ′S
S
∼=
r∏
i=1
H ′ti ×
∏
1≤i<j≤r
Gsi,j .
Set P ′S =M ∩ PS . This is a parabolic subgroup of M .
Proposition 3.2 ([M17], Proposition 3.3). We have δ2
P
σ′
S
S
|
M
σ′
S
S
= δP ′
S
δP |
M
σ′
S
S
=
δPS |
M
σ′
S
S
.
3.3. Some results on H ′-distinguished representations. We record some re-
sults about H ′-distinguished representations of G. One can prove these results by
almost the same arguments as in [F] with minor modification. So, we do not give
a proof or only give a sketch.
Proposition 3.3 (See [F], Proposition 10). For any g ∈ G, there are x, y ∈ H ′
with g−1 = xσ′(g)y.
Proposition 3.4 (See [F], Proposition 11). For an irreducible representation pi of
G, the dimension of HomH′(pi,C) is at most 1.
Proof. We sketch the proof. For details, see [F, Proposition 11].
Applying the theorem of Gel’fand and Kazhdan, and due to the above proposi-
tion, we are reduced to show the following claim:
For an irreducible representation pi of G, if HomH′ (pi,C) is nonzero,
then HomH′ (pi
∨,C) is nonzero.
Let l be an element of HomH′ (pi,C). We define a representation pi
′ of G over the
space of pi by
pi′(g) = pi(wn
tg−1w−1n ), g ∈ G.
Then, pi∨ is isomorphic to pi′. SinceH ′ is stable under the involution g 7→ wn tg−1w−1n ,
l is an element of HomH′(pi
′,C). This proves the above claim. 
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Proposition 3.5 (See [F], Proposition 12). If an irreducible representation pi of G
is H-distinguished, then pi is conjugate self-dual, i.e. pic ∼= pi∨.
4. Zelevinsky classification
In this section, we summarize some results on classification of irreducible repre-
sentations of G by Zelevinsky [Z].
First, we recall the classification of irreducible essentially square-integrable rep-
resentations.
Proposition 4.1. Let l be a divisor of n and set λ = (n/l, . . . , n/l) be a partition
of n. For an irreducible supercuspidal representation ρ of Gn/l, the representation
ρ|det|(1−l)/2 × · · · × ρ|det|(l−1)/2 of G has a unique irreducible subrepresentation
Stl(ρ). This is essentially square-integrable. Conversely, any irreducible essentially
square-integrable representations of G can be written in this form uniquely.
With the notation of the above proposition, let φ be the representation of WDE
corresponding to ρ. Since ρ is supercuspidal, the restriction of φ to SL2(C) is the
trivial representation. We denote the restriction of φ to WE again by φ. Let Sp(l)
be the unique irreducible algebraic l-dimensional representation of SL2(C). Then,
the representation of WDE corresponding to Stl(ρ) is φ⊠ Sp(l).
A Jacquet module of Stl(ρ) is given as follows:
Lemma 4.2. Let l be a divisor of n and ρ be an irreducible supercuspidal represen-
tation of Gn/l. Set pi = Stl(ρ) and denote by V the space of pi. Let λ = (n1, . . . , nr)
be a partition of n and set P = Pλ. Then, VP 6= 0 ifa nd only if there is a non-
negative integer ki for each 1 ≤ i ≤ r satisfying ni = ki · n/l. If this is the case, we
have
(3) piP ∼= Stk1(ρ|det|(l−k1)/2)⊠Stk2(ρ|det|−k1+(l−k2)/2)⊠ · · ·⊠Stkr (ρ|det|(kr−l)/2).
By Langlands classification, all irreducible representations of reductive groups
appear in the composition factors of parabolically induced representations from
essentially square-integrable representations. In the case at hand, more precise
classification is known.
Theorem 4.3. Let λ = (n1, . . . , nr) be a partition of n and ∆i be an irreducible
essentially square-integrable representation of Gni . We write the absolute value of
the central character of each ∆i by |det|ti with real number ti. Reordering ∆i’s so
that we have
(4) t1/n1 ≥ t2/n2 ≥ · · · ≥ tr/nr,
the representation ∆1 × · · · ×∆r has a unique irreducible quotient that we denote
as ∆1 ⊞ · · · ⊞ ∆r. This representation is independent of the reordering which
satisfies (4) and any irreducible representations of G can be expressed in this form.
Moreover, this expression is unique up to permutation.
Generic representations are classified in terms of the above classification as fol-
lows:
Proposition 4.4. Let pi = Stl1(ρ1)⊞ · · ·⊞Stlr (ρr) be an irreducible representation
of G. Here,
• λ = (n1, . . . , nr) is a partition of n;
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• li is a divisor of ni;
• ρi is an irreducible supercuspidal representation of Gni/li .
Then, pi is generic if and only if there are no i, j with 1 ≤ i 6= j ≤ r and a positive
integer d satisfying the two conditions (♥1)–(♥2):
(♥1) max{1, li − lj + 1} ≤ d ≤ li and ni/li = nj/lj;
(♥2) ρi ∼= ρj ⊗ |det|d+(lj−li)/2.
If this is the case, pi ∼= Stlw(1)(ρw(1)) × · · · × Stlw(r)(ρw(r)) for any permutation
w ∈ Sr.
Remark 4.1. Let pi be an irreducible representation of G and φ be the correspond-
ing representation of WDE . The above characterization of generic representations
can be restated as follows: pi is generic if and only if L(s,Ad ◦φ) is holomorphic at
s = 1. Suppose that pi is generic and there is an L-parameter φ′ of G′ such that
φ˜ = bcχ ◦ φ′. Combining the above characterization of generic representations with
its analog for G′ (§2.3 (2)), one can see that Πφ′ is generic. Another way to prove
this is to use the equation ([M10, Theorem 5.3])
L(s,Ad ◦φ′) = L(s,As+ ◦ φ˜) = L(s, pi,As+)
and the fact that L(s, pi,As+) is holomorphic at s = 1 ([AM, Proposition 7.1]).
5. Classification of distinguished representations
First, we recall the classification of GLn(F )-distinguished generic representations
of G by Matringe. Note that this result also holds for odd n.
Theorem 5.1 ([M10], Theorem 5.2). Let pi be an irreducible generic representa-
tion of G and write pi = ∆1⊞ · · ·⊞∆r as in Theorem 4.3. Here, λ = (n1, . . . , nr) is
a partition of n and each ∆i is an irreducible essentially square-integrable represen-
tation of Gni . Then, pi is GLn(F )-distinguished if and only if there are an integer
1 ≤ k ≤ r/2 and a reordering of ∆i’s satisfying
(1) for all 1 ≤ i ≤ k, ∆c2i ∼= ∆∨2i−1;
(2) for all 2k + 1 ≤ i ≤ r, ∆i is GLni(F )-distinguished.
We have a similar classification for H-distinguished generic representations.
Theorem 5.2. Let pi be an irreducible generic representation of G and write pi =
∆1⊞ · · ·⊞∆r as in Theorem 4.3. Here, λ = (n1, . . . , nr) is a partition of n and each
∆i is an irreducible essentially square-integrable representation of Gni . Then, pi is
H-distinguished if and only if there are an integer 1 ≤ k ≤ r/2 and a reordering of
∆i’s satisfying
(1) for all 1 ≤ i ≤ k, ∆c2i ∼= ∆∨2i−1;
(2) for all 2k + 1 ≤ i ≤ r, ni = 2mi is even and ∆i is Hmi -distinguished.
Comparing these two classification results, we obtain the next corollary.
Corollary 5.3. An irreducible generic representation of G is GLn(F )-distinguished
if it is H-distinguished.
The next lemma is the key to the proof of Theorem 5.2.
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Lemma 5.4. Let λ = (n1, . . . , nr) be a partition of n and ∆i an irreducible es-
sentially square-integrable representation of Gni for each 1 ≤ i ≤ r. Set ∆ =
∆1 ⊠ · · · ⊠∆r and regard is as a representation of Mλ. Suppose that the Jacquet
module ∆P ′
S
is M
σ′S
S -distinguished for some S = (si,j) ∈ S(λ). Then, there are an
integer 1 ≤ k ≤ r/2 and a reordering of ∆i’s satisfying (1) and (2) in Theorem 5.2.
Proof. The proof is the same as [M10, Lemma 5.5]. We write each ∆i in the
form of Stli(ρi). Here, li is a divisor of ni and ρi is an irreducible supercuspidal
representation of Gni/li . We may assume
(5) l1 ≤ l2 ≤ · · · ≤ lr.
Since we have ∆P ′
S
6= {0}, there exists a non-negative integer ki,j satisfying si,j =
ki,j · ni/li for each 1 ≤ i, j ≤ r. Hence we have
∆P ′
S
∼=
⊗
1≤i,j≤r
∆i,j , ∆i,j = Stki,j (ρi|det|−ki,1−···−ki,j−1+(li−ki,j)/2)
and
• for any 1 ≤ i ≤ r, ∆i,i is H ′ti -distinguished;
• for any 1 ≤ i, j ≤ r, ∆cj,i ∼= ∆∨i,j .
By induction on r, we show that there are an integer 1 ≤ k ≤ r/2 and reordering
of ∆i’s which satisfy the conditions (1) and (2) in Theorem 5.2. Set i0 = min{1 ≤
i ≤ r ; s1,i 6= 0}.
Case 1. If i0 = 1, ∆1,1 is conjugate self-dual since it is H
′
t1-distinguished. Thus
we get ρ∨1
∼= ρc1|det|l1−k1,1 . Therefore, ∆∨1 is isomorphic to Stl1(ρc1|det|l1−k1,1).
Take 1 ≤ j ≤ r with ∆∨1 ∼= ∆cj . Then, n1 = nj , l1 = lj and ρ1 is isomorphic to
ρj |det|k1,1−l1 . From (♥1) and(♥2), one can see that k1,1 = l1, i.e. s1,1 = n1 and
s1,j = 0 for any 1 < j ≤ r. Hence we have ∆1 = ∆1,1 and this is H ′m1 -distinguished.
By the induction hypothesis, there is a reordering of ∆2, . . . ,∆r which satisfies two
conditions of Theorem 5.2 for suitable 1 ≤ k ≤ (r − 1)/2.
Case 2. If i0 > 1, note that we have k1,j = 0 for any 1 ≤ j ≤ i0. Since ∆c1,i0 ∼=
Stk1,i0 (ρ
c
1|det|(l1−k1,i0 )/2) is isomorphic to ∆∨i0,1 ∼= Stki0,1(ρ∨i0 |det|(ki0,1−li0 )/2), we
see that n1/l1 = ni0/li0 and ρ
∨
i0
∼= ρc1|det|(l1+li0 )/2−k1,i0 . Therefore, we obtain
∆∨i0
∼= Stli0 (ρc1|det|(l1+li0)/2−k1,i0 ).
Take 1 ≤ j ≤ r so that ∆∨i0 ∼= ∆cj . Then we have nj/lj = ni0/li0 = n1/l1 and
ρ1 ∼= ρj |det|k1,i0−(l1+li0 )/2. Moreover, nj = ni0 implies lj = li0 . Since we have
lj − k1,i0 < lj, the conditions (♥1), (♥2) and the assumption (5) imply
0 ≥ lj − k1,i0 = li0 − k1,i0 ≥ l1 − k1,i0 .
Since l1 ≥ k1,i0 , we obtain l1 = k1,i0 , i.e. s1,i0 = n1 and for any 1 ≤ j 6= i0 ≤ r, we
see that s1,j = 0. Hence ∆1 = ∆1,i0 .
We have two cases: ∆1 is conjugate self-dual (Case 2-a) or ∆1 is not conjugate
self-dual (Case 2-b).
Case 2-a. If ∆1 = ∆1,i0 is conjugate self-dual, ∆
∨
1,i0
∼= ∆ci0,1 is conjugate self-
dual. Hence we get ρ∨i0
∼= ρci0 |det|li0−l1 . Thus, ∆∨i0 is isomorphic to Stli0 (ρci0 |det|li0−l1).
Take 1 ≤ j ≤ r so that ∆∨i0 is isomorphic to ∆cj . Then we have ni0/li0 = nj/lj
and ρj ∼= ρi0 |det|li0−l1 = ρi0 |det|lj−l1 . The conditions (♥1) and (♥2) imply lj = l1.
Hence we have li0 = l1 = k1,i0 = ki0,1, i.e. ni0 = si0,1 and si0,j = 0 for any
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1 < j ≤ r. Therefore, one can see that ∆i0 = ∆i0,1 ∼= ∆∨1,i0 ∼= ∆1. By the
induction hypothesis, there is a reordering of ∆2, . . . ,∆i0−1,∆i0+1, . . . ,∆r which
satisfies two conditions of Theorem 5.2 for some 1 ≤ k ≤ r/2− 1.
Case 2-b. If ∆1 = ∆1,i0 is not conjugate self-dual, ∆
c
2
∼= ∆∨1 . Note that n1 = n2
and l1 = l2. Set j0 = min{1 ≤ j ≤ r ; s2,j 6= 0}. If j0 = 2, one can obtain ∆2 = ∆2,2
by the similar arguments as in the Case 1. Since ∆2 is H
′
m2 -distinguished, by the
induction hypothesis, there is a reordering of ∆1,∆3, . . . ,∆r which satisfies two
conditions of Theorem 5.2 for some 1 ≤ k ≤ (r − 1)/2. Hereafter, we assume that
j0 6= 2.
Suppose that j0 > 2. Since ∆
c
2,j0 = Stk2,j0 (ρ
c
2|det|(l2−k2,j0 )/2) is isomorphic to
∆∨j0,2
∼= Stk2,j0 (ρ∨j0 |det|kj0,1+(kj0,2−lj0 )/2), we obtain
ρ∨j0
∼= ρc2|det|−kj0,1−kj0,2+(lj0+l2)/2.
If j0 = i0, we have ρ
∨
i0
∼= ρc1|det|(li0−l1)/2 and ρ∨i0 ∼= ρc2|det|−kj0,2+(li0−l1)/2 as
we see above. Then we get ρ2 ∼= ρ1|det|kj0,2 . From (♥1) and (♥2), we see that
kj0,2 = 0, which contradicts the choice of j0. Thus, j0 6= i0.
Take 1 ≤ j ≤ r so that ∆∨j0 ∼= ∆cj . Since we have
∆∨j0
∼= Stlj0 (ρc2|det|−kj0 ,2+(lj0+l2)/2),
we see that nj/lj = nj0/lj0 = n2/l2 and ρj = ρ2|det|−kj0,2+(lj+l2)/2. From the
conditions (♥1), (♥2) and the assumption (5), one can see that l2 = kj0,2 as
lj ≥ lj − kj0,2 ≥ lj − l2 ≥ 0. Hence s2,j0 = n2 and s2,j = 0 for any 1 ≤ j 6= j0 ≤ r.
Therefore we obtain ∆2 = ∆2,j0 .
If j0 = 1, we have s1,2 = s2,1 6= 0 and hence i0 = 2. As we have seen, ∆1 = ∆1,2.
This implies ∆c2
∼= ∆∨1,2 ∼= ∆c2,1. Hence we get ∆2 = ∆2,1.
In any case, we see that s2,j = 0 for all 1 ≤ j 6= j0 ≤ r, i.e. k2,j0 = l2 = l1,
n2 = s2,j0 . Since ∆
c
1
∼= ∆∨i0,1 ∼= Stl1(ρ∨i0 |det|(l1−li0 )/2) is isomorphic to ∆∨2 ∼=
∆cj0,2
∼= Stl2(ρcj0 |det|(lj0−l2)/2), we get ρ∨i0 ∼= ρcj0 |det|(lj0+li0 )/2−l1 . Take 1 ≤ j′ ≤ r
so that ∆∨i0
∼= ∆cj′ . Then we have ni0/li0 = nj′/lj′ and ρj′ ∼= ρj0 |det|(lj0+lj′ )/2−l1 .
If l1 < lj0 , (♥1) and (♥2) imply lj′ = l1. If this is the case,
∆∨i0
∼= ∆cj′ ∼= Stl2(ρcj0 |det|(lj0−l2)/2) ∼= ∆∨2 .
Hence we get ∆i0
∼= ∆2. By the induction hypothesis, there is a reordering of
∆2, . . . ,∆i0−1,∆i0+1, . . . ,∆r which satisfies two conditions of Theorem 5.2 for some
1 ≤ k ≤ (r − 1)/2. If l1 = lj0 , ∆j0 ∼= ∆1 since we have ρcj0 ∼= ρ∨i0 |det|(l1−li0)/2 ∼= ρc1.
By the induction hypothesis, there is a reordering of ∆1,∆3, . . . ,∆j0−1,∆j0+1, . . . ,∆r
which satisfies two conditions of Theorem 5.2 for some 1 ≤ k ≤ (r − 1)/2.
This completes the proof of the lemma. 
Proof of Theorem 5.2. Suppose that pi is H ′-distinguished. We simply write Pλ
by P . There is a total order ≥ on the set Wλ = {wS ; S ∈ S(λ)} which satisfies
following condition:
For any w ∈Wλ,
G≥w =
∐
w′∈Wλ
w′≥w
Pw′H ′
is open in G and PwH ′ is closed in G≥w.
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Let Wi be the space of ∆i for each 1 ≤ i ≤ r and set (∆,W ) = (∆1 ⊠ · · · ⊠
∆r,W1 ⊗ · · · ⊗ Wr). For each w ∈ Wλ, let Fw be the H ′-submodule of IGPW
consisting of elements whose support is contained in G≥w. Set Fw+ =
∑
w′>w Fw.
The map Fw → indH
′
w−1Pw∩H′(w
−1(δ
−1/2
P ∆)) given by sending f ∈ Fw to the
function h 7→ f(wh) on H ′ induces an isomorphism of H ′-modules
Fw/Fw+ ∼−→ indH
′
w−1Pw∩H′(w
−1(δ
1/2
P ∆)).
Take a divisor li of ni and an irreducible supercuspidal representation ρi of Gni/li
so that we have ∆i ∼= Stli(ρi). Since pi is H ′-distinguished, there is a w ∈ Wλ such
that indH
′
w−1Pw∩H′(w
−1(δ
1/2
P ∆)) has a nonzero H
′-invariant linear form. Let S be
the element of S(λ) with w = wS . Then, we have P∩wH ′w−1 = P σ
′
S
S . By Frobenius
reciprocity, we obtain
HomH′(ind
H′
w−1Pw∩H′(w
−1(δ
1/2
P ∆)),1)
∼= HomwH′w−1(indwH
′w−1
P∩wH′w−1(δ
1/2
P ∆),1)
∼= Hom
P
σ′
S
S
(δ−1
P
σ′
S
S
δ
1/2
P ∆,1).
By Proposition 3.2, we see that the restrictions of δ−1
P
σ′
S
S
δ
1/2
P and δ
−1/2
P ′
S
to P
σ′S
S are
equal. Hence we get Hom
P
σ′
S
S
(δ
−1/2
P ′
S
∆,1) 6= {0}. Since we have M ∩ NS = N ′S ⊂
N
σ′S
S N , the Jacquet module ∆P ′S is M
σ′S
S -distinguished. By the above lemma, there
are an integer 1 ≤ k ≤ r/2 and a reordering of ∆i’s which satisfy the two conditions
in the theorem.
Conversely, suppose that there are an integer 1 ≤ k ≤ r/2 and a reordering of
∆i’s which satisfy the two conditions in the theorem. For each 2k+1 ≤ i ≤ r, take
a nonzero element ξi of HomHmi (∆i,1).
For 1 ≤ i ≤ k, let Qi be the standard parabolic subgroup of G2n2i−1 corre-
sponding to the partition (n2i−1, n2i−1). Let τi,s = ∆2i−1|det|s × ∆2i|det|−s be
a representation of G2n2i−1 with a parameter s ∈ C. Since ∆c2i is isomorphic to
∆∨2i−1, there is a nonzero Gn2i−1 -invariant linear form γi on ∆2i−1 ⊗∆c2i. Take a
flat section vi,s of τi,s and set vi = vi,0. Then, by [BD, Theorem 2.8, Theorem
2.26], the integral
ξi(v, s) =
∫
L\H′n2i−1
γi(vi,s(h)xn2i−1 ) dh
converges absolutely for Re(s) ≫ 0 and has meromorphic continuation to whole
s-plane. Here,
L = H ′n2i−1 ∩Qi = {diag(A,Ac) | A ∈ GLn2i−1(E)}.
Hence, this integral defines a nonzero element of HomHn2i−1 (τi,s,1). Let ξi(v) be
the leading coefficient of its Laurent expansion at s = 0, the map v 7→ ξi(v) provides
a nonzero element of HomHn2i−1 (τi,1).
Let P˜ = Pλ˜ be the standard parabolic subgroup of G corresponding to the par-
tition λ˜ = (2n1, 2n3, . . . , 2n2k−1, n2k+1, . . . , nr) of n. We define the representation
(∆˜, W˜ ) of M˜ =Mλ˜ by
∆˜ = τ1 ⊠ · · · τk ⊠∆2k+1 ⊠ · · ·⊠∆r,
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so that we have pi = IndG
P˜
(∆˜). Let ξ˜ be the element of HomH∩M˜ (∆˜,1) given by
ξ˜ = ξ1 ⊠ · · ·⊠ ξk ⊠ ξ2k+1 ⊠ · · ·⊠ ξr.
Recall that we have (P˜ ∩H)KH = H since P˜ ∩H is a standard parabolic subgroup
of H . For an element φ of pi = IndG
P˜
(∆˜), set
ξ(φ) =
∫
KH
ξ˜(φ(k)) dk.
Then, ξ defines a nonzero element of HomH(pi,1). Therefore, pi is H-distinguished.

6. Main theorem
Lemma 6.1. Let ∆ be an irreducible essentially square-integrable representation
of G. Then, following conditions are equivalent:
(1) ∆ is GLm(D)-distinguished;
(2) ∆ is GLn(F )-distinguished;
(3) ∆ arises from unstable base change lift;
(4) ∆ arises from unstable base change lift of an L-parameter of G′ which is
generic with respect to any non-degenerate characters.
Proof. Equivalence of (1) and (2) is [BP, Theorem 1]. Let us prove equivalence
of (2) and (3). By [M09, Theorem 3.7], ∆ is GLn(F )-distinguished if and only
if L(s,∆,As+) has a pole at s = 0. Take a divisor l of n and an irreducible
supercuspidal representation ρ of Gn/l so that ∆ = Stl(ρ). Let φρ (resp. φ) be the
representation of WDE associated with ρ (resp. ∆). We write the restriction of φρ
to WE by the same symbol. Then, we have φ = φρ ⊠ Sp(l). By [M09, Proposition
4.1], we have
L(s,∆,As+) =
l−1∏
k=0
L(s+ k, ωl−k−1 ⊗ ρ,As+).
Since L(s, ω ⊗ ρ,As+) = L(s, ρ,As−), L(s,∆,As+) has a pole ats = 0 if and only
if one of the following conditions holds:
• l is odd and φ˜ρ fixes a non-degenerate vector of As+
• l is even and φ˜ρ fixes a non-degenerate vector of As−.
When l is odd, Sp(l) is orthogonal and when l is even, Sp(l) is symplectic. Besides,
φ˜ρ fixes a non-degenerate vector of As
+ (resp. As−) if and only if φρ is conjugate-
orthogonal (resp. conjugate-symplectic), see [GGP, Proposition 7.5]. Hence, ∆ is
GLn(F )-distinguished if and only if φ is conjugate-orthogonal. By Lemma 2.1, we
obtain equivalence of (2) and (3).
Finally, we show that (3) implies (4). Take an L-parameter φ′ of G′ with φ˜ =
bcχ◦ φ′. By Remark 4.1, Πφ′ is generic. Since n is even, the quadratic character η of
Aφ is trivial. Hence φ
′ is generic with respect to any non-degenerate characters. 
Remark 6.1. By a similar argument as the proof of the above lemma, one can see
that following conditions for an irreducible essentially square-integrable represen-
tation ∆ of G are equivalent:
• ∆ is GLn(F )-distinguished (resp. (GLn(F )), ω-distinguished);
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• the representation of WDE corresponding to φ is conjugate-orthogonal
(resp. conjugate-symplectic).
These equivalence hold even when n is odd.
Theorem 6.2. Let pi be an irreducible generic representation of G. Consider the
following statements:
(A) pi arises from unstable base change lift of an L-parameter of G′ which is
generic with respect to any non-degenerate characters;
(B) pi is H-distinguished.
Then, (A) implies (B).
Proof. Suppose that (A) holds. Let λ = (n1, . . . , nr) be a partition of n and ∆i
an irreducible essentially square-integrable representation of Gni with pi = ∆1 ×
· · · ×∆r. Denote by φ the representation of WDE corresponding to pi. By Lemma
2.1, φ is conjugate-orthogonal. Hence, there is an integer 1 ≤ k′ ≤ k ≤ r/2 and a
reordering of ∆i’s satisfying
(1) for all 1 ≤ i ≤ k′, ∆2i−1 is not conjugate self-dual and ∆c2i ∼= ∆∨2i−1;
(2) for all k′ + 1 ≤ i ≤ k, ∆2i−1 is (GLn2i−1(F ), ω)-distinguished and ∆2i−1 ∼=
∆2i;
(3) for all 2k + 1 ≤ i ≤ r, ∆i is GLni(F )-distinguished.
Note that ∆i’s appearing in (1) (resp. (2), (3)) correspond to the irreducible fac-
tors of φ which is not conjugate self-dual (resp. conjugate-symplectic, conjugate-
orthogonal), cf. Remark 6.1. Since the quadratic character η of Aφ is trivial,
ni = 2mi is even for all 2k + 1 ≤ i ≤ r. Hence by [BP, Theorem 1], each ∆i
is Hmi -distinguished for 2k+1 ≤ i ≤ r. By Theorem 5.2, pi is H-distinguished, i.e.
(B) holds. 
Remark 6.2. The converse direction (B)⇒(A) does not hold in general. In fact,
suppose m is odd and ∆ is a GLm(F )-distinguished irreducible essentially square-
integrable representation of Gm. Then, a representation pi = ∆ × ∆ of G2m is
Hm-distinguished and does not satisfy the condition (A).
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